Using terahertz-light excitation, we have measured with sub-wavelength spatial, and sub-cycle temporal resolution the time-and frequency-dependent electric-field and surface-charge density in the vicinity of small metallic holes. In addition to a singularity like concentration of the electric field near the hole edges, we observe, that holes can act as differential operators whose near-field output is the time-derivative of the incident electric field. Our results confirm the well-known predictions made by Bouwkamp, Philips Res. Rep. 5, 321-332 (1950), and reveal, with unprecedented detail, what physically happens when light passes through a small hole.
Introduction
How does light diffract from a small hole? In nanophotonics this question is extremely relevant. [1, 2, 3] The very extent of the electromagnetic field near a hole, for instance, can determine the spatial resolution in near-field microscopy. [4] Knowledge of the near-field optical spectrum, which can be very different from the far-field optical spectrum, is very important for any spectroscopic measurement. [5] In addition, local field enhancements, caused by charge accumulation near sharp sub-wavelength features such as the hole edges, could have a dramatic influence on the efficiency of various non-linear optical processes, such as Raman scattering. [6, 7] Past reports on near-field measurements on small holes showed evidence of light concentration near the edges. [8, 9, 10, 11, 12, 13] However, the exact nature of the near electric-field of sub-wavelength holes is still largely unknown since adequate experimental techniques to measure the near-field of a sub-wavelength hole are lacking. Numerical and analytical calculations can make predictions about the near-field of a hole but are not without problems. Every theoretical model has to include some simplifying assumptions, so that differences with the real-world behavior of fields are unavoidable. For example, the most widely The electric field of a THz pulse is incident on the hole. The local electric field E z is measured using the synchronized probe laser pulse (red). A highly reflective combination of a Germanium (Ge) and a SiO 2 layer, prevents the probe from reflecting off the gold layer.
cited analytical approximation of the near-field of a small hole is the model of Bethe which was later improved by Bouwkamp. [14, 15, 16] An uncomfortable aspect of the Bouwkamp model, which is based on a perfectly conducting, infinitely thin metal, is that the charge accumulation at the edges of the hole produces a singularity in the electric field, which cannot occur for a real, physical hole. Similar problems can arise in Finite Difference Time Domain (FDTD) numerical calculations around sharp edges. There have been numerous reports on far-field measurements of light transmitted by both bare and structured single holes, especially in the THz frequency range. [17, 18] . It is essential to understand that far-field measurements cannot provide the required information on the near-field either. This is because in the far-field, much information about the near-field, such as the presence of evanescent waves, or the spatial distribution of the surface charge density, is inevitably lost. Therefore, to understand the behavior of light near a small hole, it is essential to measure the electric near-field of the hole directly.
Here, we show near-field measurements of small, individual holes in the THz frequency domain, using the technique of terahertz time-domain spectroscopy (THz-TDS). [19] This technique enables us to measure the time-dependent electric near-field component perpendicular to the metal, E z (t), in the vicinity of the hole in an ultra-broad bandwidth. It has a deep subwavelength spatial resolution of about 10 μm, which corresponds to a vacuum-wavelength related spatial resolution of λ /300, for λ = 3 mm. As we will show below, the broad bandwidth, which covers more than a decade in frequency from 0.1 to 1.2 THz, allows us to measure the near-field of the hole for incident THz wavevectors k for which ka 1, and ka ≈1, with a the radius of the hole.
Key to measuring the electric near-field around the hole with a high spatial resolution, is the direct placement of the hole on the surface of a THz field-sensitive detector, which consists of a GaP electro-optic crystal on which the metal, a 200 nm thick gold layer with a hole, is deposited. A single-cycle, broadband THz pulse [20] is incident on the hole. In the (001) oriented crystal, the z-component of the electric field is electro-optically measured using a synchronized, femtosecond probe laser pulse which is focused to an approximately 5μm diameter spot near the hole (Fig. 1 ). [21, 22] The use of the (001) oriented crystal guarantees that the setup is blind to the x and y components of the electric field. The crystal with the sample is raster-scanned in the xy-plane and at each position (x, y), a full 20 ps long THz electric field trace is measured. From E z (x, y,t), snapshots of the spatial distribution of the field at different times are produced, and from the Fourier transform E z (x, y, ω), the spatial distribution of the various frequencies within the bandwidth of the THz pulse can be determined. The hole diameters used in our experiment are 100, 150 and 200 μm. The vacuum wavelengths of the near-field components that we can comfortably measure, range from 250 μm to 3 mm. To put this in perspective, a comparable measurement performed in the visible part of the EM spectrum on a 200 nm diameter hole, would require a measurement of the electric field of an approximately 1 fs long, single-cycle pulse with a temporal resolution of 100 attoseconds, in a bandwidth from 250 nm to 3000 nm, which, at present, is not feasible. In Fig. 2(a-d) , we plot the z-component of the electric field, measured underneath a 150 μm diameter hole, at four different times during the emergence of the THz pulse through the hole. A movie showing intermediate times is shown online (3.5 Mbyte). The incident field is polarized in the x direction. Note that in the frames (a-d), the color scales are individually matched to the maximum amplitude range of each frame. The images in Fig. 2 (a-d) show that directly underneath the hole, only a weak E z component is observed. At the edges of the hole, however, |E z | dramatically increases. Fields from opposite sides of the hole along the x-axis, are opposite in sign. This can also be seen from Fig.  2 (e), where we plot two examples of the THz electric field as a function of time, measured at two locations close to the edge at opposite sides of the hole, as shown in the photograph of the hole in Fig. 2 (f). The strength of the field, following a circular path along the edge of the hole, is not constant, however, but follows a cos(φ )-like dependence. We emphasize that the time-dependent near-fields measured at the edges, as shown in Fig. 2 (e), are different from the unperturbed electric field incident at the hole. In fact, our measurements strongly suggest that in the time-domain, for decreasing hole size, the measured electric near-field increasingly resembles the time-differentiated incident electric field. This is shown in Fig. 3(a) , where we plot the near electric-field transients measured at the edge of the 100, 150, and 200 μm diameter holes, together with the time-differentiated incident electric-field transient. For comparison, Fig. 3(b) shows the incident electric-field transient. This will be discussed in more detail below.
In total, the four frames cover a time window of 1.2 ps. Already, they give us an intuitive understanding of the time evolution of the THz electric field as it emerges from the sub-wavelength hole. Similar results are obtained for a square hole, as shown in Fig. 4 . There, the raster-scanned area is large enough to observe the formation of a spherical wave propagating outwards from the hole as time progresses. Note that in frames (a) and (c), a small feature is visible near the top of the frames. Inspection of this sample using a microscope revealed that at that location the gold film was damaged, giving rise to an irregularly shaped, 20x40 μm 2 , hole. Analysis of the measured data shows that the field transmitted by this hole contains mostly higher frequency components. The advantage of measuring the near-electric field instead of the optical power becomes clear when we consider the boundary conditions for the perpendicular component of the electric field E z at the metal-dielectric interface. These conditions state that this component is discontinuous across the metal-dielectric interface, with an amount determined by the surface charge density σ , giving σ = E z /ε. This means that the two-dimensional, time-dependent, field plots shown in Fig. 2 , can also be interpreted as two-dimensional maps of the surface charge density σ (x, y,t), a quantity that cannot be obtained from a measurement of the optical power. We caution, however, that this is approximately true only, since our detection technique does not measure the field exclusively at the surface of the metal, but also at some distance away from it. This explains why in Fig. 2(c) , at t=4.82ps, when the field right at the edge has just changed sign and has a value close to zero, the maximum field strength is observed directly under the aperture, where there's no metal and no surface charge density should be present.
The broad bandwidth of our THz pulses allows us to determine the frequency-dependent near-field transmission characteristics of the holes over a very large frequency range. As an example, we plot in Fig. 5(a) , the measured two-dimensional distribution of the amplitude, |E z (x, y, ω)|, at a frequency of ω/2π = 0.2 THz, acquired directly underneath the 150 μm diameter hole. 0.2 THz corresponds to a free space wavelength of 1.5 mm and to a wavelength of 455 μm inside the GaP electro-optic crystal, which is considerably larger than the diameter of the hole. The figure clearly shows that the field is strongly localized near the edge of the hole in the direction of the incident field, with an amplitude that strongly depends on the azimuthal angle φ . In Bouwkamp's model for the diffraction of light by a sub-wavelength hole, the nearfield z-component of the electric field of a hole at the shadow side of an infinitely thin, perfectly conducting metal, at z = 0 is written as:
with a the radius of the hole, ρ the radial coordinate, φ the azimuthal angle, E 0 the electric field amplitude and k the wavevector of the incident radiation. In Fig. 5(b) , we plot the E z (ρ, φ ) thus calculated. To show the cos(φ ) dependence, while at the same time avoiding problems related to the unphysical infinite field strengths predicted by the model at the edge when ρ → a, we only plot the calculated field values lower than a certain value, arbitrarily chosen to facilitate a comparison with the measured data. Higher field values are given the color white. A comparison between the measurement and the calculations clearly shows that the cos(φ ) dependence predicted by the model, is indeed observed in the measurements. Note that the Bouwkamp model was derived under the condition that the metal layer is embedded in a continuous isotropic dielectric medium. Although this is strictly speaking not the case in our experiment, the exper-imentally observed cos(φ ) dependence suggests that the GaP crystal has little effect on the azimuthal angle dependence predicted by the model. For comparison, we also performed FDTD calculations of the near-field amplitude at 0.2 THz, taking the dielectric constant of the GaP substrate into account. In our FDTD simulations, a single circular hole of 150 micron diameter, in a perfect conductor, was used. A metal layer of 6 μm was used. Thinner metal layers could not be used since they require unacceptable long calculation times. A plane-wave was used as the incident wave, and we attached a perfectly matched layer (PML) below the GaP crystal of 300 micron to completely absorb light which in the calculations makes the crystal effectively infinitely thick. The mesh width was chosen to be 2 micron. The refractive index of the crystal was set to be 3.19. As in the Bouwkamp model, FDTD calculations predict infinitely large field strengths at an infinitely sharp edge. Good agreement with the experimentally observed 2D distribution is found when the field is calculated at a distance of 10 μm away from the surface (Fig. 5(c) ). This calculation confirms that our measurement technique samples the electric near-field close to the metal surface at a distance which is orders of magnitude smaller than the wavelength.
To further illustrate the frequency dependence of the field, we plot in Fig. 5(d) the electric field |E z | along the line y =152 μm in the direction of the incident field polarization, underneath a 100 μm diameter hole, for a number of different frequencies from 0.1 THz to 1 THz. The curves for each frequency are divided by the amplitude of the corresponding frequency in the spectrum of the incident pulse, to compensate for the non-flat spectrum of the incident pulse. At all frequencies, the curves plotted in Fig. 5(d) show maxima around the edges of the hole. Surprisingly, whereas the amplitude increases when the frequency increases to about 0.75 THz, it drops to a lower value again at a frequency of 1 THz. The same behavior is observed in FDTD calculations performed in a plane 10 microns below the metal, which are in excellent agreement with the measured results as shown in Fig. 5(e) .
To confirm the frequency-dependence of the near-field amplitude, we plot in Fig. 6 the frequency-dependent electric near-field amplitude E z , measured at the edge, for the three different hole diameters used in our experiments. Again, the signals are divided by the spectrum of the incident THz pulse to facilitate an absolute comparison between the amplitudes at the different frequencies. For the 100, 150 and 200 μm diameter hole, maxima in the field measured at the edge are observed at about 0.6, 0.4 and 0.3 THz respectively. At higher frequencies, the electric field for all three holes reaches values which are the same to within the measurement accuracy at these frequencies. The maxima observed in Fig. 6 , are located close to the cut-off frequency of the lowest order mode of a circular waveguide, the TE 11 mode, if we assume that hole is located inside a dielectric medium with the refractive-index of GaP, n=3.3. This is consistent with the recently observed microwave far-field transmission enhancement of holes caused by filling the holes with a dielectric material. [23] Our results also resemble the peak transmission obtained in single hole transmission experiments reported at visible/nearinfrared wavelengths. [8] There, however, plasmon and skin depth effects make it more difficult to establish a connection between the cut-off frequency and the frequency where the maximum transmission occurs. [24] Here, we calculate cut-off frequencies of 0.54, 0.35 and 0.27 THz for holes of 100, 150 and 200 μm respectively, which is very close to the observed frequencies where the maxima occur. Although the results for the three holes look very different, they qualitatively agree with the predictions made by García de Abajo for the enhancement of the transmission cross-section (normalized to the hole area) near the cut-off frequency of a hole in a perfect metal (see Fig. 7 ). [25] However, this agreement doesn't necessarily prove that the maxima observed here have the same physical origin as the calculated enhanced transmission cross-section. The maximum in the near-field measured at the metal edge could also be the result of an increased angular diffraction when the frequency decreases to the cut-off frequency Fig. 4 to allow a comparison with the paper by Garcia de Abajo. [25] To within measurement signal-to-noise, the curves are identical, which is a manifestation of the scale-invariance of Maxwell's equations at THz frequencies, where the perfect conductor approximation is a valid assumption. Fig. 8 . Electric near-field E z around a hole, at 5 times during a single period of a sinusoidal incident electric field (black curve) with a frequency of 0.2 THz, showing maximum nearfield amplitudes during a zero-crossing of the incident electric field, and zero near-field strength during a maximum of the incident electric field. Blue and red indicate positive and negative E z respectively. The 2D near-field distributions were obtained from a Fourier analysis of the measured electric near-field pulse. Note that the phase-shift between the incident field and the near-field is implied by our measurements even though our setup can currently not measure the absolute phase difference between the incident electric field and the electric near-field. of the holes.
We now concentrate on the portion of the curves in Fig. 6 below the cut-off frequencies. In this frequency range, the amplitude clearly increases linearly with frequency, which can be seen by comparison with the straight lines that we plotted in Fig. 6 as guides to the eye. This agrees with Bouwkamp's model, eq. (1), which predicts that the field amplitude increases linearly with k and thus with ω. It also agrees with our earlier observation that the measured near-field increasingly resembles the time-differentiated incident field for smaller apertures. The frequency analysis shows that the linear part (for ka 1) , where E z (ω) ∝ ω and thus E z (t) ∝ dE incident /dt, covers a larger frequency range when the hole size decreases. Thus, when the hole size decreases, and more and more wavelengths in the bandwidth of the incident pulse obey ka 1, the corresponding frequencies fall into this linear regime, making the approximation E z (t) ∝ dE incident /dt in the time-domain, increasingly accurate. Even though our setup cannot measure the phase-difference between the incident electric field and the near-field, our analysis implies that the near-field must be π/2 out of phase with the incident electric field for frequencies much lower than the cut-off frequency. This means that for an incident sinusoidal electric field, the near-field reaches a maximum when the incident field goes through a zero crossing, as illustrated in Fig. 8 for a frequency of 0.2 THz.
We would like to point out that in contrast to our near-field measurements, far-field hole power transmission experiments tentatively show a ω 6 dependence. [26, 27, 28] This once again emphasizes the difference between the properties of the near-field and the far-field and underlines the importance of performing near-field experiments.
One advantage of performing the experiments at THz frequencies instead of at visible frequencies, is related to the larger size of the structures on which the experiments are performed. Holes of 100 to 200 μm diameter are just visible to the naked eye, and are fairly easy to make. This scaling advantage, however, is not limited to the THz frequency range and one can speculate whether similar near-field experiments on holes at microwave-or even radio-wave frequencies haven't already been published, just as the first applications of extraordinary optical transmission of hole arrays were already published in 1952. [29] However, although nearfield experiments have been performed on metal half-planes [30] and slits [31] , we have been unable to find comparable, published, experiments on holes. We therefore conclude that our experiments are the first to show the detailed time and broadband frequency dependence of the electric near-field of sub-wavelength sized holes.
Conclusion
The measured time-and frequency-dependence of the THz near-electric field of a single hole provides us with a detailed understanding of the behavior of light near sub-wavelength structures. Not only is this relevant for near-field micro-spectroscopy, but we also anticipate that this information can be used for strategies to increase the local field strength of specially designed holes for non-linear optical applications, such as edge-enhanced Raman scattering and infrared near-field microscopy. Since micro fabrication is very simple, the presented THz approach also appears to be very attractive as an experimental platform for sub-wavelength structures intended for an application in the optical domain.
